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ABSTRACT. This paper introduces a novel bootstrap procedure to perform inference in a wide class of

partially identi�ed econometric models. We consider econometric models de�ned by �nitely many weak

moment inequalitiesy, which encompass many applications of economic interest. The objective of our

inferential procedure is to cover the identi�ed set with a prespeci�ed probabilityz.

We compare our bootstrap procedure, a competing asymptotic approximation and subsampling proce-

dures in terms of the rate at which they achieve the desired coverage level, also known as the error in the

coverage probability. Under certain conditions, we show that our bootstrap procedure and the asymp-

totic approximation have the same order of error in the coverage probability, which is smaller than the

one obtained by using subsampling. This implies that inference based on our bootstrap and asymptotic

approximation should eventually be more precise than inference based on subsampling. A Monte Carlo

study con�rms this �nding in a small sample simulation.
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1 Introduction

This paper contributes to the growing literature on inference in partially identi�ed econometric

models. A model is said to be partially identi�ed or set identi�ed when the sampling process and

the maintained assumptions restrict the value of the parameter of interest to a set, called the

identi�ed set, which is smaller than the logical range of the parameter but potentially4 larger than

a single point. Partially identi�ed models arise naturally in economic models when strong and

usually unrealistic assumptions are traded by weaker and more credible ones. In this paper, we

consider partially identi�ed models de�ned by �nitely many weak moment inequalities5.

The goal of this paper is twofold. The �rst objective is to introduce a novel bootstrap procedure

to construct con�dence sets for our class of partially identi�ed models. In large samples, our

bootstrap procedure achieves exactly the desired coverage probability. The second objective is to

compare our bootstrap procedure with competing inferential procedures in terms of the rate of

convergence of the error in the coverage probability, that is, in terms of the rate at which they

achieve the desired coverage level. To the best of our knowledge, this is the �rst paper performing

this comparison among competing inferential procedures for partially identi�ed models.

The ultimate purpose of our con�dence sets is to conduct hypothesis testing in partially identi-

�ed econometric models. Based on the duality between hypothesis testing and con�dence sets, the

hypothesis testing problem can be translated into the construction of con�dence sets that cover the

object of interest with a minimum prespeci�ed probability. In the literature on partially identi�ed

models, there are two possible objects of interest, each of them related to di¤erent hypothesis

testing problems. On the one hand, the object of interest can be the identi�ed set and, on the

other hand, the object of interest can be each of the points of the identi�ed set6. In this paper,

we focus exclusively on the problem of construction of con�dence sets that cover the identi�ed set

with a prespeci�ed probability7.

The formal structure of the problem is as follows. An economic model relates the distribution

of the observables with a �nite dimensional parameter, denoted by �; that belongs to a parameter

space, denoted by�: The model is partially identi�ed and hence, the distribution of the observables

restricts the true value of the parameter to the identi�ed set, which is denoted by �I : A set

Cn (1� �) is a con�dence set for the identi�ed set with con�dence level (1� �) if and only if the
following property is satis�ed,

lim inf
n!+1

P (�I � Cn (1� �)) � (1� �) (1.1)

4If the parameter of interest is restricted to a single point, the model is said to be point identi�ed.
5As mentioned earlier, moment equalities can be admitted by combining pairs of weak moment inequalities.
6This distinction was pointed out by Imbens and Manski [17], who show that the con�dence set for the identi�ed

set will also be a con�dence set for each of its elements.
7As we mentioned earlier, in Bugni [8], we focus on the problem of construction of con�dence sets that cover

each of the elements of the identi�ed set with a prespeci�ed probability. In that paper, we propose an analogous
bootstrap procedure and obtain the same theoretical results as in this paper.
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Romano and Shaikh [24] provide a link between the con�dence set Cn (1� �) and a hypothesis
testing problem whose null hypothesis is H0 : � 2 �I and whose alternative hypothesis is H1 :

� 62 �I : Speci�cally, if we decide to reject the null hypotheses for all parameter values that lie

outside of Cn (1� �) ; then, in the limit, the probability of incorrectly rejecting at least one of
these hypotheses will be less than �:

The con�dence set is said to provide consistent inference in level if it satis�es the coverage

requirement, condition (1.1), with equality. This is a desirable feature since it implies that the

con�dence set is not excessively large, which would result in unnecessary loss of statistical power

of the underlying hypothesis test. We show that our bootstrap procedure provides consistent

inference in level.

Our results on con�dence regions for partially identi�ed models build upon the criterion func-

tion approach introduced by Chernozhukov, Hong and Tamer [10] (henceforth, CHT). In their pa-

per, they implement their inference using a resampling technique called subsampling. In essence,

we implement the criterion function approach in a wide class of econometric models using an al-

ternative resampling technique, the bootstrap. Our bootstrap procedure di¤ers qualitatively from

replacing the subsampling method provided by CHT [10] with the bootstrap, that is, we do not

merely propose a bootstrap analogue of their subsampling method. In fact, we show in section

A.2.5 of the appendix that a bootstrap analogue of their subsampling procedure would, in general,

fail to be consistent in level. The di¤erence between our bootstrap method and the bootstrap

analogue of the subsampling procedure proposed by CHT [10] lies in the choice of the bootstrap

criterion function, which is the key to our consistency result. Following similar techniques to

those used to implement our bootstrap scheme, we also propose an asymptotic approximation to

perform consistent inference in level8.

There are currently many methods available to implement inference in partially identi�ed

econometric models. Given the choice of the criterion function, the researcher can implement

inference using our bootstrap, asymptotic approximation or subsampling. Since all these methods

provide consistent inference in level (that is, they all achieve the desired goal, asymptotically), an

important basis of comparison is the rate at which the error in the coverage probability vanishes

(that is, the rate at which the goal is achieved). If two methods have errors in the coverage prob-

ability that converge to zero at di¤erent rates, then the one that converges faster will eventually

be more accurate than the one that converges slower. One of the main contributions of this paper

is to show that, under certain conditions, our bootstrap and our asymptotic approximation have

errors in the coverage probability that converge to zero at the same rate, which is a faster rate

than the one obtained by using subsampling. Hence, under these conditions, our results imply

that inference based on our bootstrap and our asymptotic approximation should eventually be

more precise than inference based on subsampling9.

8In independent research, a similar asymptotic approximation has also been proposed by Soares [28], CHT [10]
and Andrews and Soares [3].

9This result can be related to results in the literature on inference about sample averages, where the rate of con-
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Several papers have proposed di¤erent inferential methods to perform inference in partially

identi�ed models. Most of these references only construct con�dence sets that cover the elements

of the identi�ed set with a prespeci�ed probability, which is a di¤erent coverage objective from the

one considered in this paper10. Notable exceptions are CHT [10], Beresteanu and Molinari [5] and

Romano and Shaikh [24]. Beresteanu and Molinari [5] propose an alternative approach to inference

in partially identi�ed models using random set theory, which is signi�cantly di¤erent from the

techniques used in our paper. Romano and Shaikh [24] consider the general problem of constructing

coverage regions for the identi�ed set using a subsampling stepdown control procedure that is

comparable to the subsampling procedure proposed by CHT [10]. They show formally that the

subsampling stepdown control procedure cannot be replaced by a naive bootstrap stepdown control

procedure. All of the procedures considered in our paper, including our bootstrap approximation,

can be used as an ingredient in a stepdown control inferential procedure that results in consistent

inference in level11.

The rest of the paper is organized as follows. Section 2 considers the construction of con�dence

sets for the identi�ed set. Section 2.1 introduces our assumptions and provides an example of

an econometric model where these assumptions are satis�ed. In section 2.2, we introduce our

bootstrap procedure to perform inference, demonstrate its consistency in level and analyze its error

in the coverage probability. In section 2.3, we consider the two competing inferential procedures,

subsampling and asymptotic approximation, for which we also show consistency in level and

analyze the error in coverage probability. Section 3 concludes the paper and provides directions

for further research. The online appendix collects all the proofs of the paper, intermediate results,

supplementary explanations and Monte Carlo simulations.

2 Con�dence sets for the identi�ed set

Our objective is to construct con�dence sets that cover the identi�ed set with a prespeci�ed

probability and we choose to accomplish this objective using the criterion function approach.

According to this approach, the �rst step is to de�ne a non-negative function of the parameter

space, denoted by Q; that equals zero if and only if the parameter belongs to the identi�ed set.

This function is referred to as criterion function because it provides a criterion that characterizes

the identi�ed set. We denote its sample analogue by Qn and de�ne �n = sup�2�I anQn (�) ; where

fang+1n=1 is a sequence of constants that makes the (asymptotic) distribution of �n non-degenerate.
If we let cn denote the (1� �) quantile of �n; then, a con�dence set of the identi�ed set with

vergence of subsampling procedures is likely to be slow, relative to the bootstrap or the asymptotic approximation.
See, for example, Horowitz [16], Politis and Romano [22] and Politis, Romano and Wolf [23].

10These include Rosen [26], Pakes, Porter, Ho and Ishii [21], Andrews, Berry and Jia [2], Canay [9], Romano
and Shaikh [25], Soares [28] and Andrews and Soares [3].

11I thank an anonymous referee for suggesting this point. This is formally shown in section A.4.1 of the appendix.
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con�dence level (1� �) is given by,

Cn (1� �) = f� 2 � : anQn (�) � cng (2.2)

Therefore, the criterion function approach translates the problem of constructing con�dence sets

into a problem of approximation of the quantiles of �n. This approximation problem is non-

standard precisely because the econometric model is partially identi�ed. In a class of models

de�ned by moment inequalities and equalities, we show how to perform this approximation using

the bootstrap.

2.1 Setup

In this section, we introduce the assumptions that de�ne our econometric model. We consider

two separate sets of assumptions. The �rst set of assumptions will constitute what we call the

general model. The second set of assumptions will be a particular subset of the �rst one and will

constitute what we call the conditionally separable model. The reason to consider two separate

setups is that consistency in level can be shown under the assumptions of the general model but

results regarding rates of convergence require the stronger restrictions imposed by the conditionally

separable model. After introducing both sets of assumptions, we provide an example to illustrate

each of these frameworks.

2.1.1 General model

The following assumptions constitute our general model in the independent and identically dis-

tributed (i.i.d.) setting.

(A1) For the probability space (
;B;P) ; let Z : 
 ! SZ be a random vector. We observe an

i.i.d. sample of size n; denoted by Xn = fZigni=1 :

(A2) The parameter space, denoted by �; is a compact and convex subset of a �nite dimensional

Euclidean space R� (� < +1):

(A3) The identi�ed set, denoted by �I ; is given by,

�I =
n

� 2 � : fE (mj (Z; �)) � 0gJj=1
o

where m (z; �) : SZ ��! R
J is a (jointly) measurable function and E (m (Z; �)) : �! R

J

is a lower semi-continuous function. Moreover, �I is a proper subset of �:

(A4) For every � 2 � and every j = 1; 2; :::; J; the variance of mj (Z; �) is �nite and positive.

For every z 2 SZ ; the function
�
m (z; �)� E (m (Z; �)) : �! R

J
	
belongs to B; which

is a separable subset of the space of bounded functions that map � onto RJ with the
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sup-norm metric. The empirical process vn (m�) = n�1=2
Pn

i=1 (m (Zi; �)� E (m (Z; �))) is

stochastically equicontinuous, that is, for any " > 0,

lim
�#0

lim sup
n!+1

P �

 

sup
�2�

sup
f�02�:k�0��k��g

kvn (m�)� vn (m�0)k > "
!

= 0

where k�k denotes Euclidean distance and P � denotes the outer measure12 with respect to
P:

We brie�y comment on some of the assumptions. Assumption (A1) requires that the sample

is i.i.d.. The result of consistency of the bootstrap procedure proposed in this paper is based

on the law of large numbers, the central limit theorem and the law of iterated logarithm applied

to empirical processes. Consistency of our bootstrap procedure can be generalized to non i.i.d.

settings, provided that these results hold and, of course, that the resampling method is adequately

modi�ed for these settings.

Assumption (A3) de�nes the identi�ed set as the intersection of �nitely many weak moment

inequalities. Of course, equality restrictions can be accommodated by combining two moment

inequalities. Also, notice that assumption (A3) allows the identi�ed set to be empty, which would

imply that the model is misspeci�ed. The present setup allows for econometric models de�ned by

conditional moment conditions as long as the conditioning covariates have �nite support13. To see

why, suppose that the conditioning covariateX has �nite support given by SX and let the identi�ed

set be given by, �I = f� 2 � : ffE (Mj (Y; �) jX = x) � 0gJj=1gx2SXg; where M (y; �) : SY ��!
R
J is a jointly measurable function and, for every x 2 SX ; E (M (Y; �) jX = x) : �! R

J is lower

semi-continuous. By de�ning Z = (Y;X) and m (Z; �) = M (Y; �) 1 [X = x] ; the identi�ed set is

re-expressed according to assumption (A3).

When we combine the total boundedness of the parameter space of assumption (A2) with

the stochastic equicontinuity condition of assumption (A4), we deduce that the class of functions
�
m (z; �)� E (m (Z; �)) : SZ ! R

J
	
, indexed by � 2 �, is P -Donsker.

2.1.2 Conditionally separable model

The following assumptions constitute our conditionally separable model in the i.i.d. setting.

(B1) For the probability space (
;B;P) ; let (X; Y ) : 
 ! SX � RJ be a random vector, where

the support of X, denoted SX ; is composed of K values: SX = fxkgKk=1. We observe an i.i.d.
sample of size n; denoted by Xn = fXi; Yigni=1 :

12Let (
;B;P) be a probability space. For any arbitrary subset of 
; denoted A; its outer measure is de�ned
by P � (A) = infS�B fP (S) : A � Sg :

13The methods proposed in this paper cannot handle conditioning covariates with in�nite support. If this is the
case, one can still use our techniques by partitioning the support of the conditioning covariate into �nitely many
bins. In this process, some information will be lost, and so our method will result in conservative inference.
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(B2) The parameter space, denoted by �; is a compact and convex subset of a �nite dimensional

Euclidean space R� (� < +1):

(B3) The identi�ed set, denoted by �I ; is given by,

�I =

�

� 2 � :
n

fE (Yj �Mj (�;X) jX = xk) � 0gJj=1
oK

k=1

�

where, for each x 2 SX ; M (�; x) : � ! R
J is continuous. Moreover, �I is a proper subset

of �:

(B4) For every x 2 SX and for every j = 1; 2; :::; J; fYjjX = xg has positive variance and �nite
fourth absolute moments.

This setup is a particular case of the general model that strengthens assumptions (A1), (A3)

and (A4). Assumption (B1) organizes the observable variables into conditioning covariates and

dependent variables, and requires the former to have �nite support.

Recall that assumption (A3) de�ned the identi�ed set as the intersection of moment inequalities

of the form E (mj (Z; �) jX = x) � 0: Assumption (B3) strengthens this by requiring that the

conditional expectation E (mj (Z; �) jX = x) can be separated into the expectation of a random

variable that does not involve the parameter, E (YjjX = x) ; and a conditionally non-stochastic

function of the parameter; E (Mj (�;X) jX = x) : Finally, lemma A.1 of the appendix shows that

assumptions (B1)-(B4) imply assumption (A4).

2.1.3 Illustrative Example

In order to illustrate both of our frameworks and highlight their di¤erences, we consider the follow-

ing example related to Manski [20]. Suppose that our model predicts that E (Z � f (X; �) jW ) = 0,

where f is a known function, Z is the explained variable, X is the explanatory variable, � is the

parameter of interest and W is an exogenous variable. Typical examples of this setup are linear

index models, such as the linear model, the probit model or the logit model.

Suppose that certain observations of the explained variable are missing (or censored). Let

U denote the binary variable that takes value one if the observation is unobserved and zero

otherwise. Suppose that fZjWg has logical lower and upper bounds, given by ZL (W ) and ZH (W ) ;

respectively14. Also assume that the support ofW is given by �nitely many values: SW = fwkgKk=1 :
Under these conditions, the identi�ed set for the parameter of interest is given by,

�I =

8

<

:
� 2 � :

(

E (� (Z (1� U) + ZH (wk)U � f (X; �)) 1 [W = wk]) � 0

E ((Z (1� U) + ZL (wk)U � f (X; �)) 1 [W = wk]) � 0

)K

k=1

9

=

;

14When the event has no logical lower bound (respectively, upper bound), then ZL (W ) = �1 (respectively,
ZH (W ) = +1):
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Under random sampling and certain regularity conditions15, this example satis�es the assump-

tions of the general framework. In particular, if the explanatory variable X is endogenous or

has continuous support, it cannot replace W in role of conditioning covariate and therefore, the

example does not satisfy the assumptions of the conditionally separable model. On the other

hand, if the explanatory variable X is exogenous and has �nite support, it can replace W as the

conditioning covariate and the example satis�es the assumptions of the conditionally separable

model.

2.2 Bootstrap procedure

In this section, we introduce our bootstrap procedure to construct con�dence regions for the

identi�ed set. In order to implement any inferential procedure based on the criterion function

approach, we need to complete certain steps. First, we need to de�ne the criterion function for

our problem. Second, we need to generate an estimator of the identi�ed set. This estimator is not

our �nal goal, but an input to our inferential procedure. Once we completed these preliminary

steps, we are ready to de�ne the resampling procedure that implements our inference.

2.2.1 Criterion function

By de�nition, a functionQ : �! R is a valid criterion function if it is non-negative and takes value

zero if and only if it is evaluated at a parameter in the identi�ed set. Lemma A.2 of the appendix

characterizes all possible criterion functions for the type of models considered in this paper. This

result reveals that there is a wide range of possible criterion functions. By restricting the class

of functions under consideration, we can obtain desirable asymptotic results for our inferential

procedures, such as consistency in level and rates of convergence. With this objective in mind, we

consider the following assumption.

Assumption (CF) The population criterion function is given by one of the following functions:

Q (�) =
PJ

j=1wj[E (mj (Z; �))]+ or Q (�) = maxfwj[E (mj (Z; �))]+gJj=1, where fwjgJj=1 are
(arbitrary) positive constants.

Throughout this paper, we will focus on criterion functions that satisfy assumption (CF), but

most of our results extend to more general criterion functions16.

2.2.2 Estimation of the identi�ed set

The estimator of the identi�ed set is an ingredient in the construction of con�dence sets that cover

the identi�ed set with a prespeci�ed probability. An estimator of the identi�ed set is adequate

15These conditions are made explicit in section A.2.2.
16In particular, our theoretical results extend to a generalization of assumption (CF), called assumption (CF�),

which is described in section A.2.3 of the appendix.
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for the purpose of inference if a con�dence set which uses this estimator as an input produces

inference that is consistent in level.

By de�nition, the identi�ed set is the subset of the parameter space that satis�es Q (�) =

0: Therefore, the analogy principle suggests de�ning the estimator of the identi�ed set as the

collection of parameters that satisfy Qn (�) = 0. In our context, this set estimator would be given

by, �̂AP
I = f� 2 � : fEn (mj (Z; �)) � 0gJj=1g; where for every j = 1; 2; :::; J; En (mj (Z; �)) denotes

n�1
Pn

i=1mj (Zi; �) : This random set is called the analogy principle estimator.

In settings of practical relevance, the analogy principle estimator is not an adequate estimator

for the purpose of inference. Following CHT [10], an adequate estimator requires the introduction

of some slackness in the sample moment inequalities, thereby expanding the analogy principle

estimator. Speci�cally, if we let f�ng+1n=1 be a positive sequence such that �n=
p
n = o (1) andp

ln lnn=�n = o (1) (almost surely), then our estimator of the identi�ed set is given by,

�̂I (�n) =
n

� 2 � :
�
En (mj (Z; �)) � �n=

p
n
	J

j=1

o

Our estimator can be interpreted as an expansion of the analogy principle estimator by a slackness

factor of �n=
p
n: The following lemma formalizes its the properties.

Lemma 2.1 Assume (A1)-(A4). Let f�ng+1n=1 be a positive sequence such that �n=
p
n = o (1) andp

ln lnn=�n = o (1) ; almost surely, and de�ne �̂I (�n) = f� 2 � : fEn (mj (Z; �)) � �n=
p
ngJj=1g:

For a sequence of positive numbers f"ng+1n=1 such that "n = o (1) and (�n=
p
n) ="n = o (1) ; almost

surely, de�ne �I ("n) = f� 2 � : fE (mj (Z; �)) � "ngJj=1g:
If the identi�ed set is non-empty then, lim inff�I � �̂I (�n) � �I ("n)g; almost surely, and if

the identi�ed set is empty then, lim inff�̂I (�n) = ?g; almost surely.

When the identi�ed set is non-empty, our set estimate will eventually be �sandwiched� between

two sets, almost surely. These sets are the identi�ed set and a set that converges to the identi�ed

set. When the identi�ed set is empty, our set estimate will eventually become empty, almost

surely. As we show later, lemma 2.1 implies that the proposed estimator of the identi�ed set is

adequate for the purpose of inference.

The restrictions on the sequence f�ng+1n=1 provide little guidance on how to implement the

estimator (and the inference based on it) in a �nite sample setting. We comment on this important

practical question in the next subsection.

2.2.3 The procedure

We now introduce our bootstrap procedure to construct con�dence sets that cover the identi�ed

set with a prespeci�ed probability. We will propose two di¤erent procedures: one to be used if the

model satis�es the assumptions of the general model and one to be used exclusively if the model

satis�es the assumptions of the conditionally separable model.
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Bootstrap procedure for the general model The following bootstrap method is intended

for the general model, and so, in particular, it could also be applied to the conditionally separable

model17. This will be referred to as the bootstrap procedure for the general model and it consists

of the following steps:

1. Choose f�ng+1n=1 to be a positive sequence such that �n=
p
n = o (1) and

p
ln lnn=�n = o (1) ;

almost surely,

2. Estimate the identi�ed set with �̂I (�n) =
n

� 2 � : fEn (mj (Z; �)) � �n=
p
ngJj=1

o

,

3. Repeat the following for s = 1; 2; :::; S: Construct bootstrap samples of size n; by sampling

randomly with replacement from the data. Denote the bootstrapped observations by fZ�i gni=1
and, for every j = 1; 2; :::; J; let E�n (mj (Z; �)) denote n

�1
Pn

i=1mj (Z
�
i ; �) : Compute,

��n =

8

>><

>>:

sup
�2�̂I(�n)

G

0

@

(

[
p
n (E�n (mj (Z; �))� En (mj (Z; �)))]+
�1 [jEn (mj (Z; �))j � �n=

p
n]

)J

j=1

1

A if �̂I (�n) 6= ?

0 if �̂I (�n) = ?

4. Let ĉBn (1� �) be the (1� �) quantile of the distribution of ��n; approximated with arbitrary
accuracy in the previous step. The (1� �) con�dence set for the identi�ed set is given by
ĈBn (1� �) =

�
� 2 � :

p
nQn (�) � ĉBn (1� �)

	
.

In order to implement our procedure, we need to specify the sequence f�ng+1n=1 described in the
�rst step. This sequence enters the procedure in two places. First, it enters in the estimation of

the identi�ed set in step 2 and, second, it enters in the indicator function term in the bootstrap

criterion function in step 318. The restrictions on the rate of the sequence f�ng+1n=1 in step 1
provide little guidance on how to choose this sequence in practice. As we will show later, our

bootstrap procedure will be consistent in level and have the same rate of convergence regardless

of the speci�c choice of the sequence f�ng+1n=1 : Thus, our asymptotic analysis does not provide a
criterion for an �optimal� choice of this sequence. In this sense, we consider that the development

of a data-dependent choice of this sequence is out of the scope of this paper. The experience

drawn from Monte Carlo simulations seems to indicate that the �nite sample performance of our

inferential method does not depend critically on the speci�c choice of this sequence.

The key to the consistency in level of our bootstrap procedure is the bootstrap analogue

criterion function de�ned in step 3. In particular, it is essential to the consistency result that we

introduce (a) the recentering term, that is, subtracting the sample moment from the bootstrap

17Nevertheless, as we will explain next, if the model satis�es the assumptions of the conditionally separable
model there are advantages of using the bootstrap procedure specialized for this framework.

18In principle, the sequence f�ng+1n=1 in these two steps could be two di¤erent sequences provided that they both
satisfy the rate requirements of step 1. The formal arguments in the appendix allow these two sequences to di¤er.
We restrict both sequences to coincide in the main text only to simplify the notation.
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sample moment and (b) the indicator function term. Because of these two terms, our bootstrap

procedure di¤ers qualitatively from the bootstrap version of the subsampling scheme proposed by

CHT [10]. We analyze these di¤erences in section A.2.5 of the appendix.

Bootstrap procedure for the conditionally separable model In the conditionally separable

model, we will not show the consistency in level of the inferential procedure, but we will also

establish the rate of convergence of the error of the bootstrap approximation.

In order to understand why we need to introduce a separate bootstrap method for the condi-

tionally separable model, we need to distinguish between whether the design of the covariates is

�xed or random. The design of the covariates refers to how the econometrician perceives the dis-

tribution of covariates in the sample. If the design of the covariates is �xed, then the distribution

of the covariates is considered to be non-stochastic (or stochastic and conditioned upon) and if

the design of the covariates is random, then the distribution of the covariates is considered to be

stochastic. Of course, the inferential procedure we perform is di¤erent depending on the case.

In the �xed covariates case, the cell frequency of the covariates is constant and this implies that

the bootstrap procedure proposed in the previous section delivers a rate of convergence of order

n�1=2: In the random covariates case, the cell frequency of the covariates is random and this implies

that the bootstrap procedure proposed in the previous section delivers a rate of convergence of

order n�1=2 lnn ln lnn (rather than n�1=2)19. Nevertheless, it is possible to design a bootstrap

method which can achieve a rate of convergence of order n�1=2 independently of the design of the

covariates. This is referred to as the bootstrap procedure specialized for the conditionally separable

model and it consists of the following steps:

1. Choose f�ng+1n=1 to be a positive sequence such that �n=
p
n = o (1) and

p
ln lnn=�n = o (1) ;

almost surely,

2. Estimate the identi�ed set with �̂I (�n) =
n

� 2 � :
�
fp̂k (En (Yjjxk)�Mj (�; xk)) � �n=

p
ngJj=1

	K

k=1

o

;

3. Repeat the following for s = 1; 2; :::; S: Construct bootstrap samples of size n; by sam-

pling randomly with replacement from the data20. Denote the bootstrapped observations by

fY �i ; X�
i gni=1, and, for every k = 1; 2; :::; K and j = 1; 2; :::; J; let p̂�k = n�1

Pn
i=1 1 [X

�
i = xk]

and E�n (Yjjxk) = (p̂�kn)
�1Pn

i=1 Y
�
j;i1[X

�
i = xk]: Compute,

��n =

8

>>><

>>>:

sup
�2�̂I(�n)

G

0

@

8

<

:

(

[
p
np̂�k (E

�
n (Yjjxk)� En (Yjjxk))]+ �

1 [jp̂k (En (Yjjxk)�Mj (�; xk))j � �n=
p
n]

)J

j=1

9

=

;

K

k=1

1

A if �̂I (�n) 6= ?

0 if �̂I (�n) = ?

19This result is available from the author, upon request.
20Of course, bootstrap samples are constructed to respect the assumption on the design of the covariates.
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4. Let ĉBn (1� �) be the (1� �) quantile of the distribution of ��n; simulated with arbitrary
accuracy in the previous step. The (1� �) con�dence set for the identi�ed set is given by
ĈBn (1� �) =

�
� 2 � :

p
nQn (�) � ĉBn (1� �)

	
.

The only distinction between the general procedure and the one specialized for the conditionally

separable model occurs in the de�nition of the bootstrap criterion function in step 3. In the latter

one, the argument inside the [�]+ function is a random variable rather than a random function,

which is the key feature that allows us to obtain a rate of convergence of order n�1=2, regardless

of the assumption about the covariates.

2.2.4 Asymptotic properties

In this section, we establish the asymptotic properties of our bootstrap procedure. The results

of this section are based on two representation theorems, which are stated and proved in the

appendix. As a �rst step, we show that the distribution of the statistic of interest has a certain

asymptotic representation (theorem A.1). In a second step, we establish that, conditional on the

sample, our bootstrap approximation has an analogous asymptotic representation (theorem A.3).

Based on these results, we can show that bootstrap con�dence sets are consistent in level.

Theorem 2.1 [Consistency in level - bootstrap approximation] Assume (A1)-(A4) and (CF). If

the identi�ed set is non-empty then, for any � 2 (0; 0:5) ;

lim
n!+1

P
�

�I � ĈBn (1� �)
�

= (1� �)

The representation theorems are also the key to analyze the error in the coverage probability

(ECP) of the bootstrap approximation, which is the di¤erence between the desired coverage level

and the actual coverage level. By theorem 2.1, the error in the coverage probability of our boot-

strap approximation converges to zero. In the conditionally separable model, the representation

theorems are used to provide an upper bound on the rate at which this convergence occurs.

Theorem 2.2 [ECP - bootstrap approximation] Assume (B1)-(B4), (CF) and choose the bootstrap

procedure to be the one specialized for the conditionally separable model. If the identi�ed set is

non-empty then, for any � 2 (0; 0:5) ;

�
�
�P
�

�I � ĈBn (1� �)
�

� (1� �)
�
�
� = O

�
n�1=2

�

In terms of coverage, the only relevant case is the non-empty identi�ed set, since the empty set

is trivially covered by any con�dence set21. The previous theorem shows that, in the conditionally

separable model, the error in the coverage probability converges to zero at a rate of order n�1=2:

21Our bootstrap procedure also exhibits desirable properties when the identi�ed set is empty. This is established
in lemma A.7 in the appendix.
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Provided that the sequence f�ng+1n=1 satis�es the requirements of step 1, the rate of convergence
of the error in the coverage probability does not depend on the particular choice of the rate. In

this sense, our asymptotic analysis does not provide a criterion for an �optimal� choice of this

sequence.

2.3 Alternative procedures

In the previous sections, we proposed a bootstrap scheme to perform inference in partially identi�ed

models and we studied its properties. In this section, we consider alternative inferential methods.

2.3.1 Subsampling

There are di¤erent subsampling procedures that can be proposed to approximate the distribution

of interest. A �rst scheme would be a subsampling analogue of the bootstrap procedure proposed

in the preceding section, which will be referred to as subsampling 1. A second scheme22 would

be the subsampling procedure proposed by CHT [10] which is referred to as subsampling 2. Both

of these procedures are described and studied in detail in section A.6.1 of the appendix. The

basic di¤erence between the two methods is the de�nition of the subsampling criterion function in

step 3. On the one hand, subsampling 1 proposes a criterion function that includes a recentering

term and an indicator function term, exactly as in the bootstrap scheme of section 2.2.3. On

the other hand, the criterion function of subsampling 2 has none of these terms. The benchmark

subsampling scheme for the presentation of the results is subsampling 1, but, at the end of this

subsection, we will brie�y discuss how the results di¤er from those of subsampling 2.

First, we establish the consistency in level of the benchmark subsampling approximation.

Theorem 2.3 [Consistency in level - subsampling approximation 1] Assume (A1)-(A4) and (CF).

If the identi�ed set is non-empty then, for any � 2 (0; 0:5) ;

lim
n!+1

P
�

�I � ĈSS1bn;n
(1� �)

�

= (1� �)

Second, we establish the rate of convergence of the error in the coverage probability of the

inference based on the benchmark subsampling approximation.

Theorem 2.4 [ECP - subsampling approximation 1] Assume (B1)-(B4), (CF) and that the dis-

tribution of ffYj1 [X = xk]gJj=1gKk=1 is strongly non-lattice. If the identi�ed set is non-empty then,
for any � 2 (0; 0:5) ;

�
�
�P
�

�I � ĈSS1bn;n
(1� �)

�

� (1� �)
�
�
� = O

�
bn=n+ b�1=2n

�

22I thank an anonymous referee for suggesting the consideration of the second version of subsampling.

13



This theorem establishes an upper bound on the rate at which the error in coverage probability

of the subsampling approximation converges to zero. This upper bound depends on the choice

of the subsampling size, re�ecting the usual trade-o¤: increasing subsampling size increases the

precision of the averages within a subsample but decreases the total number of subsamples avail-

able. The choice of the subsampling size that minimizes this upper bound is bn = O
�
n2=3

�
; which

results in error in the coverage probability of order n�1=3.

We can provide conditions under which this rate constitutes not just an upper bound on the

rate of convergence of the error in the coverage probability, but also a lower bound. We now

describe the results but all the formal arguments are provided in section A.6.1 of the appendix.

Under certain conditions, lemma A.9 in the appendix shows that the conditional distribution of

our subsampling approximation has the following asymptotic representation,

P
�

�̂SS1bn;n
� hjXn

�

| {z }

Subsampling approx.

= P (�n � h)
| {z }

Exact distribution

+K1 (h) b
�1=2
n +K2 (h)

bn
n
+ op

�
bn
n
+ b�1=2n

�
(2.3)

uniformly over h � � (for any � > 0); where K1 and K2 are two non-stochastic functions given in

the appendix. Politis, Romano and Wolf [23] provide intuition for the nature of the two leading

terms in the error of the subsampling approximation. The term of order b
�1=2
n appears because

we are approximating a distribution by repeatedly extracting random samples of size bn from the

data. This leading term will also appear in the bootstrap, but will be order n�1=2 instead of b
�1=2
n :

The term of order bn=n appears because samples are extracted without replacement from a �nite

population, which introduces error in the approximation of the variance of the distribution. This

term does not appear in the bootstrap, where samples are extracted with replacement.

From this equation, if follows that, for any h � �; the absolute value of the error in the

subsampling approximation 1 is minimized by choosing subsampling size bn = C (h)n2=3; where

C (h) is the positive minimizer of jK1 (h)C (h)�1=2 +K2 (h)C (h) j: Therefore, if the functions K1

and K2 share the sign (for relevant values of h), then the error in the subsampling approximation

1 converges to zero at a rate that cannot be faster than n�1=3.

For the purpose of inference, we are interested in values of h in a neighborhood of the

(1� �) quantile of the limiting distribution, which we denote by c1 (1� �) : In lemma A.11
in the appendix, we show that for all signi�cance levels that are relevant for inferential purposes,

K2 (c1 (1� �)) is positive. Therefore, if K1 (c1 (1� �)) is also positive, the previous logic im-
plies that the subsampling approximation 1 converges to the distribution of interest at an exact

rate of n�1=3. This is the content of theorem A.11 in the appendix. The conditions under which

K1 (c1 (1� �)) is positive involve restrictions on the moments of ffYj1 [X = xk]gJj=1gKk=1 that,
to the best of our knowledge, lack intuitive interpretation. In the case that K1 (c1 (1� �)) is
non-positive, it might be possible to set the right hand side of equation (2.3) to be op

�
n�1=3

�
by a

particularly judicious choice of C (h) : However, this approach would not be very practical, since it

requires careful empirical selection of the subsampling size based on estimation of K1 (c1 (1� �))
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and K2 (c1 (1� �)). In practice, based on equation (2.3), the subsampling size is likely to be cho-
sen as bn = Cn2=3 for a �xed C > 0: In this case, unlessK1 (c1 (1� �))C�1=2+K2 (c1 (1� �))C =

0, the subsampling approximation 1 will also converge to the distribution of interest at a rate of

n�1=3:

According to previous sections, the bootstrap delivers an error in the coverage probability of

order n�1=2: Hence, in the conditionally separable model and under certain conditions, the error

in the coverage probability of the bootstrap approximation is eventually smaller than the error in

the coverage probability produced by the subsampling approximation 1.

In the appendix, we show that the subsampling approximation 2 generates consistent inference

in level (theorem A.13) and we provide an upper bound on the rate of convergence of the error

in coverage probability (theorem A.14). In this case, the upper bound on the rate of convergence

is of order b
�1=2
n + �n (bn=n)

1=2, which is even worse than the one obtained for subsampling 1.

Moreover, lemma A.16 in the appendix provides conditions under which this rate is not just an

upper bound, but the exact rate of convergence of the error in the coverage probability.

2.3.2 Asymptotic approximation

Theorem A.1 shows that the limiting distribution of the statistic of interest converges weakly to

a continuous function of a tight Gaussian process with a certain variance covariance function. An

asymptotic approximation can be constructed by replacing the Gaussian process with an estimate.

This procedure is described in detail in section A.6.2 of the appendix.

Following the steps we used for the bootstrap approximation, we can prove consistency in level

for the asymptotic approximation.

Theorem 2.5 [Consistency in level - asymptotic approximation] Assume (A1)-(A4) and (CF). If

the identi�ed set is non-empty then, for any � 2 (0; 0:5) ;

lim
n!+1

P
�

�I � ĈAAn (1� �)
�

= (1� �)

Moreover, we can also establish the rate of convergence of the error in the coverage probability

of the asymptotic approximation.

Theorem 2.6 [ECP - asymptotic approximation] Assume (B1)-(B4) and (CF). If the identi�ed

set is non-empty then, for any � 2 (0; 0:5) ;

�
�
�P
�

�I � ĈAAn (1� �)
�

� (1� �)
�
�
� = O

�
n�1=2

�

For the conditionally separable model, the bootstrap and the asymptotic approximation have

the same upper bound on the rate of convergence of the error in the coverage probability. In

other words, the bootstrap does not seem to be providing any improvement over the asymptotic
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approximation, was is usually referred to as asymptotic re�nements23. The lack of asymptotic

re�nements is expected given that the statistic of interest is not asymptotically pivotal24. Finally,

notice that the implementation of the asymptotic approximation requires a simulation that involves

exactly the same amount of computation as the implementation of the bootstrap approximation.

3 Conclusion

This paper contributes to the growing literature of inference in partially identi�ed or set identi�ed

econometric models. We build on the criterion function approach proposed by CHT [10].

The �rst contribution of this paper is to introduce a novel bootstrap procedure to construct

con�dence sets that cover the identi�ed set with a prespeci�ed probability in a wide class of

partially identi�ed models. The models considered are those de�ned by �nitely many moment

inequalities and equalities, which include many applications of economic interest. Asymptotically,

the coverage level provided by our con�dence set converges to the desired coverage level, that is,

our procedure is consistent in level. This constitutes an advantage relative to other inferential

procedures that have been proposed in the literature. Along the lines of our bootstrap procedure,

we also propose an asymptotic approximation that is also consistent in level25.

The second contribution of our paper is to analyze the rate of convergence of the error in

the coverage probability for our bootstrap approximation, our asymptotic approximation and for

subsampling approximations such as the one proposed by CHT [10]. We show that our bootstrap

approximation and our asymptotic approximation have errors in the coverage probability of order

n�1=2. Under certain conditions, we show that the error in the coverage probability of the subsam-

pling approximation converges to zero at a rate of n�1=3 or slower. As a consequence, under these

conditions, our bootstrap and our asymptotic approximation should eventually provide inference

that is more precise than that of the subsampling approximation.

The Monte Carlo simulations presented in the appendix reveal that our bootstrap approxima-

tion and our asymptotic approximation have a satisfactory �nite sample performance. Moreover,

both of these approximations exhibit a much better �nite sample performance than the subsam-

pling procedures, in accordance to the results regarding rates of convergence of the error in the

coverage probability.

This paper opens several topics for further research. A �rst topic is to �nd an adequate data

dependent procedure to choose the sequence f�ng+1n=1; which is the key to our consistency result.
A second important generalization of this paper would be to allow for continuous covariates, which

23In order to obtain asymptotic re�nements, one could consider a computationally intensive procedure called
prepivoting. This procedure is described in detail in Hall [14] and Horowitz [16]. The study of the validity of the
prepivoting procedure in this setting is out the scope of this paper.

24This is discussed in section A.2.3 of the appendix.
25As we mentioned earlier, this approximation was independently introduced by Soares [28], Andrews and Soares

[3], CHT [10] and working paper versions of this paper.
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requires modifying the formal arguments in non trivial ways. A �nal topic left for future research

is to study whether the theoretical properties of our inferential method (coverage in level and

rates) hold uniformly over a relevant class of probability distributions. The literature that studies

this problem in partially identi�ed models has focused exclusively on the problem of coverage of

each of the elements of the identi�ed set with a prespeci�ed probability. Extending these results

to the problem of coverage of the identi�ed set with a prespeci�ed probability appears to be a

very challenging problem.
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