MATH 107.01
HOMEWORK #12 SOLUTIONS

Problem 4.2.2. Determine the general solution to the differential equation
y" —y —6y=0.
Solution. The characteristic polynomial is
pAN) =2 = A—6=\=-3)(A+2).
Corollary 4.7 in the book then implies that the general solution is
y =137 + cpe” 2.
Problem 4.2.5. Determine the general solution to the differential equation
y" 4+ 4y — oy — 4y.
Solution. The characteristic polynomial is
pPA) =X +4N? - A —d=(z—-1)(z+1)(z+4).
Corollary 4.7 in the book then implies that the general solution is
y = c1€% + coe % + cge AT,
Problem 4.2.7. Determine the general solution to the differential equation
y" + 6y’ +9y = 0.
Solution. The characteristic polynomial is
pPA) =X +6A+9=(z+3)°.
Theorem 4.8 in the book then implies that the general solution is
Y =cie " + coze .
Problem 4.2.10. Determine the general solution to the differential equation
y W 42y 4y = 0.
Solution. The characteristic polynomial is
PO) =X+ 220° + X2 = A2 (A +1)°.
Theorem 4.8 in the book then implies that the general solution is
y=c1+coxr+cze” +cqme” .
Problem 4.2.11. Determine the general solution of the differential equation
4y" + 16y = 0.
Solution. The characteristic polynomial is
p(A) =422 +16 = 4 (A — 2i) (A + 2i).
Corollary 4.10 in the book then implies that the general solution is
Y = €1 COS 22 + co sin 2.
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Problem 4.2.12. Determine the general solution of the differential equation
2y" — 8y’ + 14y = 0.
Solution. The characteristic polynomial is
p) = (A= (2+iv3)) (A= (2-iv3)).
Corollary 4.10 in the book then implies that the general solution is
y = 1% cos 3z + c2€>® sin 3x. [l
Problem 4.2.13. Determine the general solution of the differential equation
y" =2y +4y=0.
Solution. The characteric polynomial is
pPA) =X =22 +4A=(A+2) (A= (1—4) (A= (1 +4)).
Corollary 4.10 in the book then implies that the general solution is
y = cre 4 4 c9e” cos x 4 co€e” sin . O
Problem 4.2.20. Consider
(1) 49" + 5y +y = 0.

(a) Find the general solution to (1).
(b) Find the solution to (1) with initial conditions y(0) =0 and y'(0) = —1.

Solution. (a) The characteric polynomial is

p(A) =4N2 +5X+1=(A+1) <A+D.

Corollary 4.7 in the book then implies that the general solution is

y=ce + coe %4,
(b) Imposing the initial conditions y(0) = 0 and y'(0) = —1 to the general
solution gives the system
c1+c=0
1
—a— = -1
which has solution ¢; = 4/3 and ¢; = —4/3. Hence the solution is
Y= %e‘x - %e_xM- .
Problem 4.2.22. Consider
(2) y" —5y" = 0.

(a) Find the general solution to (2).
(b) Find the solution to (2) with initial conditions y(—1) =1, y’(—=1) =0, and
yi(-1) =2,



MATH 107.01 HOMEWORK #12 SOLUTIONS 3

Solution. (a) The characteristic polynomial is
p(N) =A% —5X2 =\ (A —5).
Theorem 4.8 in the book then implies that the general solution is
y = c1 + cox + 3.

(b) Imposing the initial conditions y(—1) =1, ¢'(—1) = 0, and y”(—1) = 2 gives
the system

c1—co+ 83675 =1
co 4 5ese™® =0
25¢;° = 2
which has solution ¢; = 13/25, c; = —2/5, and c3 = 2¢°/25. Hence the solution is

E - gx + 36565$. O
25 5 25

Problem 4.2.23. Consider
(3) y/// _ y// _ 6y’ —0.
(a) Find the general solution to (3).
(b) Find the solution to (3) with initial conditions y(0) = 1, y'(0) = 0, and
y'(0) =2,
Solution. (a) The characteristic polynomial is
pA) =N =A% —6A=A(A+2)(A—3).
Corollary 4.7 in the book then implies that the general solution is
y = c1 + coe 2 4 c3e®”.
(b) Imposing the initial conditions y(0) = 1, /(0) = 0, and y"(0) = 2 gives the
system
C1 + Co + C3 = 1
—2¢co +3c3 =0
4co +9¢c3 = 2
which has solution ¢; = 2/3, co = 1/5, and ¢3 = 2/15. Hence the solution is
2 1 —2z 2 3z
375° 0 T
Problem 4.2.24. Consider
(4) y/// _ 4y// + 5y/ — O
(a) Find the general solution to (4).
(b) Find the solution to (4) with initial conditions y(1) = 1, /(1) = 0, and
y'(1) = 2.
Solution. (a) The characteristic polynomial is
p(A) =N — AN+ A= A —(2-19)) (A= (2+1)).
Corollary 4.10 in the book then implies that the general solution is

y = ¢1 + c2e*® cos x + c3e> sin x.
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(b) Imposing the initial conditions y(1) = 1, 3'(1) = 0, and 3" (1) = 2 gives the
system
c1 + cae?cos1 + cze?sinl =1
coe? (2cos1 —sin1) + cze? (2sin1 +cos1) = 0
coe? (3cos1 —4sinl) + cze? (3sinl 4 4cosl) =2

which has solution
7
5

2
co = 75672 (2sinl+ cos1)

2
cg = 5672 (2cos1 —sinl).

Hence the solution is

7

2 2
y=r"% (2sinl+cos1)e** % cosx + 5 (2cos1 —sinl)e* 2

5 sin x. O

Problem 4.2.29. Suppose that a homogeneous linear differential equation with
constant coefficients has characteristic polynomial

p() = (2A+4) (A2 —9)° (A2 +9)*.
Find the general solution.
Solution. We may write
PA) =2(A+2) (A +3)2(A=3)> (A +3i)> (A — 3i)>.
Hence the general solution is
(5) y= (01 + cox + 03x2) cos 3z + (04 + csx + c6x2) sin 3z 4 cre 2"
+ (cs +com) €73 + (10 + cniw) €3, O

Problem 4.2.30. Suppose that a homogeneous linear differential equation with
constant coefficients has characteristic polynomial

P = A2 (A+4)7 (202 + 43 +4) (20% — 20+ 5) .
Find the general solution.

Solution. We may write

p(A) =20 (A +4)* (A\—(1 — i))2(>\7(1 + i))2 (A - <; - ‘}))2 </\ - (; + g%))z

Hence the general solution is
(6) y=c1+cox+ 322 + ey 4 cxxe ™ 4 cge T cos T + cre Tsing

_ —x . 3 .3
+ cgxe” * cosx + coxe lenfE+01061/2COS§I’+611€x/281n§l’. O



