MATH 107.01
HOMEWORK #17 SOLUTIONS

Problem 5.3.1. Let T : R? — R? be the linear transformation

T T1| _ |x1t+ T2
X9 - X1 — Tg ’
(a) Find [T) where a is the standard basis of R?.
(b) Let 3 be the basis for R? consisting of

A

Find the change of basis matriz from a to [3.
(¢) Find the change of basis matriz from 8 to a.
(d) Find [T]}.
(e) Find [v]; where

(f) Find [T(v)]ﬂ.
(g) Use (f) to find T(v).
Solution. (a) Note that

T€1={ =e; +ea

—_
—_

Tey = [11} =e; — es.

me=[1 4

(b) Let 1: R? — R? be the identity transformation. Then

A==
][] e

So, the change of basis matrix from « to ( is

s =[]

(¢) The change of basis matrix from g to « is

;=) = | 3

This gives
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(d) Compute

(e) Here,

where ¢; and co satisfy

Since ‘ ‘
v 22104
R U B VI RIS |

we have ¢; = —4 and ¢y = —1. Hence
(f) Compute

(g9) From (f), we have

1 -2 1
T(v)9[_1] 4{1]{_5} 0
Problem 5.3.5. Let T : P, — P5 be the linear transformation

T(am2+bx+0):a(x+1)2+b(x+1)+c.

(a) Find [T)S, where a is the standard basis z*,z,1 for Ps.
(b) Let B be the basis x> — 1,2% + 1,2 + 1 for P». Find the change of basis
matriz from a to 3.
) Find the change of basis matriz from 3 to «.
d) Find [T]}.
) Find [v]5 where v = 2?2+ x4+ 1.
) Find [T(v)]ﬁ.
g) Use (f) to find T(v).

Solution. (a) Note that

This gives

(b) Let 1 : P, — P be the identity transformation. Then
1z —1)=a" -1
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1(z2+1):x2+1
1(z+1)=x+1.

So, the change of basis matrix from « to ( is

1 1 0
s=1{0 o 1
-1 1 1

(¢) The change of basis matrix from g to « is

M2 12 —1y2
[1]2:([1@) - 162 —11/2 162

12 172 —-1/21[1 0 0] [1
)5 =2 e s =(1/2 -1/2 1/2| |2 1 0| |0
0 1 0 1 1 1f|-1
3/2 1/2 —1/2
= |-1/2 1/2 1/2
2 2 1
(e) Here,
C1
[”]5: €2
c3
where c¢1, ¢z, and cg satisfy

c1 (mQ—l) + co (a?2+1) tez(z+1)=a?+2+ 1.
This gives the system

Since

ci+ec=1
0321
—Cl+62+63:1.

1 10,1 1 0 0,1/2
ref | 0 0 111 =10 1 011/2],
11 1'1 foo0 1 1
the system has solution ¢; = 1/2, ¢ = 1/2, and ¢3 = 1. Hence
1/2
[U]g: 1/2
1

3/2 1/2 —1/2] [1/2 1/2
[Tl = |-1/2 1/2 1/2 | |1/2] = |1/2
2 2 1 1 3

— o

— = O
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Problem 5.3.9. Let vy, v2,v3 form a basis a for a vector space V and letT : V —
V' be a linear transformation

T(U1) = V1 — VU2
T(’UQ) = Vg2 — U3
T(U3) = 7v3 — V1.
(a) Find [T].
(b) Find [T(v)]_ where v =1y — 2vs + 3vs.
(¢) Use (b) to find T(v) in terms of vy, va,vs.

Solution. (a) Here,

1 0 -1
Tlo=1-1 1 0
0 -1 1|
(b) Here,
1 0 —-1][1 -2
T()], =MMall,=|-1 1 0] |-2|=]-3
0 -1 1]]|3 5

(¢) From (b), we have

T(v) = —2v; — 3vg + 5v3. ]



