
MATH 107.01
HOMEWORK #17 SOLUTIONS

Problem 5.3.1. Let T : R2 → R2 be the linear transformation

T

[
x1

x2

]
=
[
x1 + x2

x1 − x2

]
.

(a) Find [T ]αα where α is the standard basis of R2.
(b) Let β be the basis for R2 consisting of[

1
−1

]
,

[
−2
1

]
.

Find the change of basis matrix from α to β.
(c) Find the change of basis matrix from β to α.
(d) Find [T ]ββ.
(e) Find [v]β where

v =
[
−2
3

]
.

(f ) Find
[
T (v)

]
β

.
(g) Use (f ) to find T (v).

Solution. (a) Note that

Te1 =
[
1
1

]
= e1 + e2

Te2 =
[

1
−1

]
= e1 − e2.

This gives

[T ]αα =
[
1 1
1 −1

]
.

(b) Let 1 : R2 → R2 be the identity transformation. Then

1
[

1
−1

]
=
[

1
−1

]
= e1 − e2

1
[
−2
1

]
=
[
−2
1

]
= −2e1 + e2.

So, the change of basis matrix from α to β is

[1]αβ =
[

1 −2
−1 1

]
.

(c) The change of basis matrix from β to α is

[1]βα =
(
[1]αβ

)−1

=
[
−1 −2
−1 −1

]
.
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(d) Compute

[T ]ββ = [1]βα [T ]αα [1]αβ =
[
−1 −2
−1 −1

] [
1 1
1 −1

] [
1 −2
−1 1

]
=
[
−4 7
−2 4

]
.

(e) Here,

[v]β =
[
c1
c2

]
where c1 and c2 satisfy

c1

[
1
−1

]
+ c2

[
−2
1

]
=
[
−2
3

]
.

Since

rref
[

1 −2 −2
−1 1 3

]
=
[
1 0 −4
0 1 −1

]
,

we have c1 = −4 and c2 = −1. Hence

[v]β =
[
−4
−1

]
.

(f ) Compute [
T (v)

]
β

= [T ]ββ [v]β =
[
−4 7
−2 4

] [
−4
−1

]
=
[
9
4

]
.

(g) From (f ), we have

T (v) = 9
[

1
−1

]
+ 4

[
−2
1

]
=
[

1
−5

]
. �

Problem 5.3.5. Let T : P2 → P2 be the linear transformation

T
(
ax2 + bx+ c

)
= a (x+ 1)2 + b (x+ 1) + c.

(a) Find [T ]αα where α is the standard basis x2, x, 1 for P2.
(b) Let β be the basis x2 − 1, x2 + 1, x + 1 for P2. Find the change of basis

matrix from α to β.
(c) Find the change of basis matrix from β to α.
(d) Find [T ]ββ.
(e) Find [v]β where v = x2 + x+ 1.
(f ) Find

[
T (v)

]
β

.
(g) Use (f ) to find T (v).

Solution. (a) Note that

T
(
x2
)

= (x+ 1)2 = x2 + 2x+ 1

T (x) = x+ 1

T (1) = 1.

This gives

[T ]αα =

1 0 0
2 1 0
1 1 1

 .
(b) Let 1 : P2 → P2 be the identity transformation. Then

1
(
x2 − 1

)
= x2 − 1
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1
(
x2 + 1

)
= x2 + 1

1(x+ 1) = x+ 1.

So, the change of basis matrix from α to β is

[1]αβ =

 1 1 0
0 0 1
−1 1 1

 .
(c) The change of basis matrix from β to α is

[1]βα =
(
[1]αβ

)−1

=

1/2 1/2 −1/2
1/2 −1/2 1/2
0 1 0

 .
(d) Compute

[T ]ββ = [1]βα [T ]αα [1]αβ =

1/2 1/2 −1/2
1/2 −1/2 1/2
0 1 0

1 0 0
2 1 0
1 1 1

 1 1 0
0 0 1
−1 1 1


=

 3/2 1/2 −1/2
−1/2 1/2 1/2

2 2 1

 .
(e) Here,

[v]β =

c1c2
c3


where c1, c2, and c3 satisfy

c1
(
x2 − 1

)
+ c2

(
x2 + 1

)
+ c3 (x+ 1) = x2 + x+ 1.

This gives the system

c1 + c2 = 1
c3 = 1

−c1 + c2 + c3 = 1.

Since

rref

 1 1 0 1
0 0 1 1
−1 1 1 1

 =

1 0 0 1/2
0 1 0 1/2
0 0 1 1

 ,
the system has solution c1 = 1/2, c2 = 1/2, and c3 = 1. Hence

[v]β =

1/2
1/2
1

 .
(f ) Compute

[
T (v)

]
β

= [T ]ββ [v]β =

 3/2 1/2 −1/2
−1/2 1/2 1/2

2 2 1

1/2
1/2
1

 =

1/2
1/2
3

 .
(g) By (f ), we have

T (v) =
1
2
(
x2 − 1

)
+

1
2
(
x2 + 1

)
+ 3 (x+ 1) = x2 + 3x+ 3. �
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Problem 5.3.9. Let v1, v2, v3 form a basis α for a vector space V and let T : V →
V be a linear transformation

T (v1) = v1 − v2
T (v2) = v2 − v3
T (v3) = v3 − v1.

(a) Find [T ]αα.
(b) Find

[
T (v)

]
α

where v = v1 − 2v2 + 3v3.
(c) Use (b) to find T (v) in terms of v1, v2, v3.

Solution. (a) Here,

[T ]αα =

 1 0 −1
−1 1 0
0 −1 1

 .
(b) Here,

[
T (v)

]
α

= [T ]αα [v]α =

 1 0 −1
−1 1 0
0 −1 1

 1
−2
3

 =

−2
−3
5

 .
(c) From (b), we have

T (v) = −2v1 − 3v2 + 5v3. �


