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Abstract

This project examines sets of Pythagorean triples with a fixed difference k& between one of the legs
and the hypotenuse. A Pythagorean triple is an ordered triple of positive integers (x,y, z) such that
x? 4+ y? = 2%, This paper proposes and proves a formula that will generate every triple of a difference
k, that is, every triple where either z — x = k or z — y = k. The proof of this result utilizes the general
formula for all primitive Pythagorean triples as well as the prime factorization of the integer k.

1 Introduction

Pythagorean triples are a very ancient area in mathematics and throughout the centuries numerous mathe-
maticians have deepened our understanding of their characteristics. Sierpinski provides an excellent summary
on some of their most well known properties in [6]. By far the most significant discovery in this area was
made by Euclid (¢. 350 B.C.), who found a formula that characterized every primitive Pythagorean triple
[2]. One of the first known references to Pythagorean triples of a fixed difference is found in the writings of
Plato. Plato notes that (4n,4n? —1,4n? + 1) yields an infinite set of Pythagorean triples of difference 2 as n
ranges over the positive integers [1]. Building on these foundations, this project sought to find a formula that
would yield every Pythagorean triple of an arbitrary positive difference k. Numerous formulas for specific
k values were found and analyzed until a correct formula was obtained. As noted, the proof of the formula
utilizes Euclid’s classification of primitive Pythagorean triples and well-known number theoretic properties.
Although similar results have been published [4], the formula and its proof were arrived at independently.

2 Formula for Pythagorean Triples of a Difference £

We have the following theorem as our main result:

Theorem 1. Define
n n1 nz nr
Jlk)y =28 py gy (2.1)

where 2™ ptph?...ptm is the prime factorization of 2k. Then every triple of difference k is given by:

( fh5@m+kmod2), 25 (m— L2 (m+[L2]), 2 (m — |52 ) m+ [E2]) + k)

as m runs through all positive integers greater than L@j

Now by Euclid’s general formula for all primitive Pythagorean triples [2], any triple can be written as
(1(2mn),l(m? — n?),l(m? + n?)), where [ is some positive integer and m > n > 0 are two relatively prime
positive integers of opposite parity. Throughout this paper x will be used to designate the leg that is a
multiple of 2mn, y will be used to designate the leg that is a multiple of m? — n?, and z will designate the
hypotenuse. Thus (x,y,2) and (y,z, z) are simply two different notations for the same triple and will be
used interchangeably.



We will discuss briefly the outline of the proof of this theorem, and then we will proceed to the actual
proof. Let Sy be the set of all triples of difference k, that is, the set of every triple where the hypotenuse is
separated by k from a leg. Let Gy be the set of all triples generated by the above formula as m runs over
all the positive integers greater than L@j We will show that these sets are equal, that is, that S, C Gy
and that G C Sk. To show that Sy C Gi, we will choose an arbitrary triple (x,y, z) of difference k and
show that it is infact generated by the formula given in Theorem 1. In doing this we will examine two cases:
k is even and k is odd. When £ is even, we will have two subcases: z —x = k and z —y = k. When £k is
odd, however, we will have only z — 2 = k. After showing that in every case the triple (z,y, z) is generated
by the formula given in Theorem 1, we conclude that (z,y,z) € Gy and thus that S C Gi. To show that
G C Sg, we pick an arbitrary element (g, r, s) that is generated by the formula given in Theorem 1, and we
show that it is infact a Pythagorean triple of difference k. To do this, we have to verify that ¢, r, and s are
all positive integers, that ¢ + r2 = s%, and that either s — ¢ = k or s —r = k. After showing that (q,7,s) is
indeed a Pythagorean triple of difference k, we conlcude that (g,r,s) € Sk and therefore that Gy C Si. We
will then have shown that the sets are equal and thus that the formula given in Theorem 1 produces every
triple of differnce k and nothing else. We will now begin the actual proof.

First of all, we show that Sy C Gj. Let k be an arbitrary positive integer and let (z,y, 2) € Sg. We will
look at the cases where k is even and where k is odd, and we will show that in both cases (z,y, z) € G.

Case 1. Let k be an even integer. By the general formula for primitive Pythagorean triples, (x,y, z) is

of the form:
x =1(2mn)

y = I(m? —n?) (2.2)

2z =1(m? +n?),

where [ is some positive integer and m > n > 0 are two relatively prime positive integers of opposite parity.
Now since this triple has a difference k, either z — z = k or z — y = k. We will examine both of these two
subcases.

Subcase 1: Suppose that z —y = k. Then I(m? + n?) — [(m? — n?) = k, which yields k = 2in?. Thus

k

n = 579

and substituting this expression for n into equation 2.2, we get:

x =mvV2lk

y =Im? —

[Nl

(2.3)
z=1Im? + %
We will use the following lemma to show (z,y, z) € Gi:

Lemma 1. If (z,y,2) is a triple where z —y = k, and thus has the form given above, it can be written in
the form

T =mivV 211]17

y=10Imi—% (2.4)

z=11m? + %,
for some integers 1 and mq, where l; is the smallest positive integer such that 211k is a perfect square and

my = md, where d = ﬁvfllkk
1

Proof. Let q = /2l1k, where [ is the smallest positive integer such that 2l1k is a perfect square. Let
p = V2lk, which must be an integer since x is an integer. We will show that ¢ divides p. Now ¢ = v/2[1k =
V/2mopYt . prmly, where 270pyt . p]l is the prime factorization of 2k. Now let po1, Pog; .-, Do, be the primes



with odd exponents and let peq, pesy, ---, De s be the primes with even exponents. Since [y is the smallest integer
such that ¢ € Z, l1 = po1Pog--Poj.- Now let no1,m02, ..., M0; be the odd exponents and let ney,neg, ..., nes be
the even exponents. Then

_ . ° ° ojt1
q= \/pelnelpeznez~'~pesn65p01n 1+1p02’ﬂ 2+1~~~pojn i1, (25)

Now consider p = v2lk. We have:

p= \/Peln‘ilpezn“---peS"ESpo1"°1p02n°2--~pojn”jl- (26)
Thus in order for p to be an integer, [ must contain at least one copy of each of the primes with odd
l .
eXpOnentS. Thus p01p02"'p0j‘l' Let r = m. Thub.
p= \/pe1"€1pe2"52'~Pes"“po1"“1+lpogn"2+1~-~Pojn°j+17°~ (27)

Now since every prime exponent is even, every exponent in the prime factorization of r must also be even,

or p won’t be an integer. Thus r must be a perfect square, and /r = d, for some positive integer d. Thus:

1 1 noj+1
p _ \/pelnelpeZneZ'“pesnespolnol+ p02n02+ ~~~poj 7o

o 1 1 no;+1
q \/pelnelpt22n62~--pesn€spolnol+ Pog™02F Do °J

—F =d.

Thus p = ¢d, and ¢|p. Now let m; = md. Then:

miv201k = mdy2l1k = m20 kr = mv20k = x

(since I = po1Pog---Po;r = l17)

(2.8)
llm%—g:ll(md)2—§:l1m2r—§:lm2—§:y
llm%Jrg :ll(md)2+§:l1m2r+§:lm2+§:z
O

Thus we have shown that the triple (z,y, z) we selected, where z — y = k, can be written in the form:
r=miv 2l1k‘
y=1m?— g (2.9)
z= llm% + g,
for some integers [; and mq, where [; is the smallest positive integer such that 2l k is a perfect square. Now
we need to show that this triple is in the set Gj. We will do this by showing that there exists some integer
2 5~ ] such that:

x = %(27712 + kmod 2)

y = g5 (ma — [ 52 ))(ma + [152]) (2.10)
2= 52 (ma — [ L2 ) (ma + [£827) + k.

Before we can show this, however, we must prove an additional lemma, which holds regardless of the parity
of k.

w



Lemma 2. If l; is the smallest positive integer such that 211k is a perfect square and f(k) is as defined in

Theorem 1, then l; = %15)2

Proof. Let 2™°pi" py*...p;'" be the prime factorization of 2k. Now let po1,pog, -+, Po; be the primes with odd
exponents and let peq, Dess ..., Des be the primes with even exponents; also, let neq, neo, ..., e, be the even
exponents and let 141,702, .-, o; be the odd exponents. Then:

o%h 2nopilpy?. por
k)2 7m0 [ 52
TP oyl 212

E3
wpr 2 )2

: Nno 4
peln61p62ne2~-~pesnebpo1n01p02n02-~-po]‘ °J
n n n
[Tel] (Tez]  |nes
(Peq Peo

[ |Zel) ez Mo
Pes )2(2%1 . Poa 2 --Poj . )2

n n n n n No 4
_ De1"®tPen®2. . De "5 Po1 O Poo 02 Poj Y

nel  Neg nes  Mol—1 mnog—1 noj—l
Pe1r "Peg “---Pes "Poi Pos ---Poj

= Po1Po2---Poj = ly.

(Since [y is the smallest integer such that 2[1k is a perfect square, it contains exactly one copy of each
prime that has an odd exponent in the prime factorization of 2k.) O

Now we will proceed to show that the integer mq, as described in Lemma 1, is the integer that will
generate the triple (x,y, z) when inserted into our formula for Gy, as given in Theorem 1. Since y > 0 and
y=1limi — %, we have:
>0

2 k
llml -3

2 k
llml > b)

%,f)zm% >k (using the substitution from Lemma 2)

4m3 > f(k)? (2.11)
2my > f(k‘)

O]

mq )

mi > L@J

Thus since m1 is an integer and my > L%J, my is in the domain of the formula given in Theorem 1. Now



since k is even, we have:

r=miv 2l1k

_ 2k2k
= M) F(R)?
_ k

= 2m1 W

= %(le + kmod 2)

y=10Imi—%&

2
_ _2k 2k
= FE™i T
(2.12)
k 2
= 7t (mi - £45)

W
I
=
S
+
NIEN

=imi—5+k

= w2 (m1 — [ L2 ) (ma + [£2) + k.

Note that since k is even, f(k) is also clearly even, since 2k has at least two factors of 2 in it. Thus
i (2k) = L@J = (@], which was used in the above derivation. Thus we have shown that when k is even

and when z —y =k, (z,vy,2) € Gy because the integer m; produces it.

Subcase 2: Now suppose that z — 2 = k (k still even). We will make use of the following lemma to show
that (z,y, z) € Gi. Note, however, that this lemma does not require k to be even.

Lemma 3. If (z,y,z2) is a triple such that z — x = k, then there exist integers mo and ly such that

Tr = 2m2(m212 — klg)
y =2maoVkly — k (2.13)

z = 2m2(m212 — klz) + k,
where lo is the smallest positive integer such that kls is a perfect square.

Proof. Let (z,y,2) be a triple where z — x = k. By the general formula for primitive Pythagorean triples,

x =1(2mn)
y =1(m? —n?) (2.14)
z = 1(m? + n?),

where [ is some positive integer and m > n > 0 are two relatively prime positive integers of opposite parity.

Since z — x = k, we have [(m? + n?) — [(2mn) = k, which yields n = m — \/g Substituting this expression



for n into equation 2.14, we get:

x = 2m(ml — Vkl)
y=2mVkl —k (2.15)

z=2m(ml — Vkl) + k.

Now we need to show that there exists some integer msy such that:

Tr = 2m2(m212 — klz)
y =2maovkls — k (2.16)

z = 2m2(m2l2 — kl2) + k,

where 5 is the smallest positive integer such that ki is a perfect square. Let ¢ = v/kls and let p = V&I (note
that p must be an integer for x,y, and z to be integers). Let 2%0p7' p52...p%" be the prime factorization of k.
Also, let poy,pos; -, Po; be the primes with odd exponents and let pey, pes, .-, Pes be the primes with even
exponents. Now let ao1,a02, ..., do; be the odd exponents and let acy, @es, ..., acs be the even exponents. We
will show that ¢ divides p. Now,

q =kl = /P’ p5>..pr"la = \/pelaelpegaez.-.pes“espol%lpog“w.--poj““jlz- (2.17)

Since Iz is the smallest integer that will make every exponent under the radical even, Iy = py1Poy..-Poj, and

\/klz = \/pelaclpezaeQ".pesaespolaol+1p02a02+1.'_poja‘oj-"_l, (218)
Now,
_\/H_ ap, a1, a2 ar] — a a a a a aoj] 2.1
p= =\/Po°P1 P2 PPl = ([ Pe1 i Peg 2 . Pe s 5 Por “0L Pog 02 Do 0T . (2.19)

Now in order for p to be an integer, | must contain as factors at least one copy of every prime with an odd
exponent in the prime factorization of k; thus ls|l, so I = lor, for some integer r. The integer r must also
contain only even exponents in its prime factorization, or p will again not be an integer. Thus /7 = d, for
some integer d. So we have:

\/H — \/pelaelpeQ(lez __.pesaespolam'i‘lpozaoz'l‘l._.poj‘ZOjJrlfr’ (220)

and therefore

P %l \/]961““1)@2“62---pesa“po1a°1+1poga°2+l-~-poja°j+17"
p_ sz _ == Vr=d. (2.21)
q 2 \/pelaelpe2a62'--pesaespolaol+lp02a02+l---poja°j+

Thus ¢|p. Now let my = md. Then:

2m2 (mglz —V klg) = 2md(md12 —V klz)
= 2m3rly — 2md/kls
= 2m2l — 2mklar

= 2m?2l — 2mVkl (2.22)
= 2m(ml — Vkl)
=x



2movklo — k = 2md/kly — k
=2mvklar — k
=2mVkl — k

=Y (2.23)

2m2(m212 — v/ k‘lg) + k= de(mdlg — k?lg) +k
=2m(ml — Vkl) + k

=z.
O

Thus we have shown that for any triple (x,y, z) where z —x = k, there exist integers ms and Iy such that

Tr = 2m2(m2l2 — k‘lg)
y =2maovkls — k (2.24)

z = 2m2(m2l2 —V klg) + k,

where [y is the smallest positive integer such that kls is a perfect square.

Now we are trying to show that when k is even and z — x = k, our triple (z,y, z) € Gg. In Lemma 3, we
established the general form that any triple (z,y, z) where z — x = k must have. We now state an additional
lemma that provides a simplification of this form when k is required to be even.

Lemma 4. Suppose (z,y, z) is a triple such that z —x = k for some even k. Then there exists some integer
my such that
E

x:llm%—i

y = miVaLk (2.25)

z = llm% + %,
where 11 is the smallest integer such that \/2kly is a perfect square.

Proof. Let (z,y,z) be a triple such that z — = k for some even k. Now by Lemma 3, (z,y, 2) has the
following form:

Tr = 2m2(m212 — k‘lg)
y =2maovkls — k (2.26)

z = 2m2(m212 — klg) + k’,

for some integers mo and lo, where [ is the smallest positive integer such that kly is a perfect square. Now
k is even, and it has either an even or an odd number of 2’s in its prime factorization. We will show that in
either case, an integer m, can be found that will allow us to write the triple in the form given in Lemma 4.

Case 1: Suppose k has an odd number of 2’s in its prime factorization. Then k = pe;™1pey™e2...peg e
2Me1poo"o2.po "7, where 2, pog, ..., Po; are the prime factors with odd exponents and pey, peg, .., pes are the
prime factors with even exponents. Recall that since l; is the smallest integer such that 2kl; is a perfect
square, l1 = Poy---Po (since k contains an odd number of 2’s, there is no need for an additional factor of 2
to make 2kl; a perfect square; thus 2 is not a factor of I;). However, I3 must have a factor of 2 in order for
kla to be a perfect square; namely, l2 = 2p,y...po ;. Therefore, i1 = %, that is I = 2[;. Thus:

2kly = Pey ™ Py 2 pes 21 T pgy o T g o (2.27)



which implies that
noj

n n n n n
k DPep ©1Pes”®2...pe 52" pyy O2~~Poj

V2EklL, nel nea Mes Mo1tl noo+1 noj+1
Pe1 2 Pez 2 --Pes 2 20 2 Doy 2 ..Poj 2

(2.28)

nel ne2 nes  Mo1—1 nog—1 noj—1

=Dey 2 Peg 2 Pes 2 27 2 Doy 2 -Poj 2

Ne1 Ne2 Nes

Now since ey, Meg, oy Nes and o1 — 1,m09 — 1,...,n0; — 1 are all even, nonnegative integers, —s*, =5*..., =5

_ — Neoi—1 . . . .
and “e% 1, ez LI £— are all nonnegative integers, and thus the above product is an integer. Namely,

Tkkll is an integer.
Now let m; = 2mo — \/W We will show that this is the integer we need to write the triple (x,y, z) in the

form given in Lemma 4. We have:

xr = 2m2(m212 — klg)

m 2lim 201 k
=25 + \/2kl1)( ot 2\/21/@1 — V2kly)

= (m1 + 7/2,371)(117711 + 7% - \/M)

= (ml + %)(llm + \/ﬁ \/2/4711)

—k

= llm12 +m1‘/\l/€ —m1\/2kll +m1\/\7 + ];

Vik ﬁm+m)_k
2

:llm12—|—m1( V2 - V2 V2

k
2

= l1m12 + m1(72m\;§2m)

(2.29)

_ 2k
=lhm~—3

y = 2mokls — k
= 2(" + A ) (V2RI) — K
= ml\/lel

z = sz(mglg — klg) + k
=hm?*—%5+k
=lhmi® + &,

since we just showed that x = 2ma(mals — Vi) = lymq? — % Thus when there are an odd number of 2’s
in the prime factorization of k, a triple (z,y, z) where z — z = k can be written in the form given in Lemma
4. Now we proceed to the second case in the proof of Lemma 4.

Case 2. Suppose k has an even number of 2’s in its prime factorization. We will show that m; = my— \/%711
is the integer that will allow us to write (z,y, z) in the desired form. First of all, however, we must show

that \/W
Since k has an even number of 2’s in its prime factorization, k = 2"<1pco"<2...pe " Po1 "1 Doy % ... D0 "7 s

is indeed an integer.

where po1, Pog; ---; Po; are the prime factors with odd exponents and 2, pe,, ..., pe, are the prime factors with



even exponents. Now since k contains an even number of 2’s, 1 must contain a factor of 2 in order for 2kl; to
be a perfect square. However, o does not need a factor of 2 in order for Isk to be a perfect square, and thus
Iy =2l5. So we get [; = 2po1Poz--Poj and 2kl = 2”€1+2p62"62...pesn”pmn“HPOQ”WH...poj"OJ'“. Thus:

k 2Melpey"e2. . pe €5 Po1 MOl Pogy o2 ---pojnoj
vV 2kl \/Qne1+2pe2n52 ~~~Pesnespoln01+1p02n°2+1...pojn0j+l

N s
27e1lpey™e2..pe €5 P01 "0l Poy 02 .. po o7

ne1+2 neg Neg no1+1 nog+1 noj+1
272 pey 2 ..Pes 2 Po1 2 Poz 2 .Poj 2

nel—2 ne no1—1 nog—1 n0j71

Nes
=272 Peg ? Pes 2 Poi 2 Poy 2 --Doj 2

Now ney — 2,7eg, ..y Mes and ng1 — 1,09 — 1,...,m,; — 1 are all even; thus all the exponents are integers.
Note that since k is even, n.q > 2, and thus ne; —2 > 0. Thus we know that all of the exponents are in fact

nonnegative integers, and thus the above product is an integer; namely, \/%T is an integer.

Now let mi; = mqg — —\/2’“171 Then
xr = ng(mglg — \/%)
= 2(m1 + ) (U5 + 5 — V')
- oy I+ )
=1lm3 +my ‘/E —miv2kl + m17\/22/€l1 + % —k
= lim3 + my( 22llk —2 3’”1 + \/22]71) —
= llmf — g
y = 2movkls — k
(2.30)
=2(my + 7/2’371)( )~k
= (2 + ) (/5 — b
=miVv2kli +k—k
= ml\/2]€l1
z = 2m2(m212 - klg) + k
=lmi—-E+k
=hmi + 3,
since we already showed in our analysis of  that 2mg(mals — \/%) = llm% — % O

Thus we have shown that when (z,y, z) is a triple where z — 2 = k for some even k, there exists some



integer m; such that the triple can be written as:

x:llm%—g

y =miv2hk (2.31)
z=1m3 + %,

where [; is the smallest integer such that 2kl; is a perfect square. We are trying to show that when (z,y, 2)
is a triple where z — x = k for some even k, (z,y,2) € Gi. Having shown in Lemma 4 that (z,y, z) has
the above form, we can now use a derivation almost identical to the one in 2.12 to show that (z,y, z) € Gg;
namely, we will show that when the integer m; is inserted into the formula given in Theorem 1, the triple
(7,9, 2) is produced. Note that since x > 0 and = = lym? — %, we have [;m? — g > 0, and an identical
argument to the one given in 2.11 shows that m; > L@J Thus my is in the domain of the formula given
in Theorem 1, and we have:

= TR
k 2
= gty (mi = H5)

N (2.32)

k
= m2m1

= (kk) (2m1 + kmod 2)

|
[y

— 2 k
Z—llm1+§

=hm}-E+k

ety (ma — LG ) (m + 520 + 1

Thus we see that when the integer my is inserted into the formula given in Theorem 1, the triple (y, z, 2) is
produced. Since we are considering the triple (y, z, z) to be the same triple as (x,y, 2), (z,y, 2) € Gg. In the
above derivation we once again made use of the fact that I; = %,5)2, which we proved in Lemma 2.

Thus we have shown that when k is even, (x,y, z) € Gy, for the subcases z —y = k and z — ¢ = k. Since

these are the only possible subcases, we have shown that when k is even, (z,y, 2z) € Gx. We now proceed to
Case 2, where k is odd.

Case 2: Suppose that k is an odd integer. Now by the general formula for primitive Pythagorean triples,

10



we know that (z,y, z) has the following form:
x =1(2mn)
y =1(m? —n?) (2.33)
2z =1(m? +n?),

where [ is some positive integer and m > n > 0 are two relatively prime positive integers of opposite parity.
Now since we are supposing this triple has difference k, either z —x = k or z — y = k. Observe that
2z —y = I(m?+n?) —I(m? — n?) = 2in?; thus z — y is even. Since k is odd, z — y # k, and we must have
z —x = k. Thus for k¥ odd, we do not have two subcases like we did for k even. Now by Lemma 3 (since
Lemma 3 holds for both even and odd k), the triple (x,y, z) can be written in the following form for some
integer ma:

Tr = QMQ(mQZQ — klg)
y =2maovklo — k (2.34)

z = 2TTL2(77’L212 — klz) + k,

where [, is the smallest positive integer such that kls is a perfect square. We need to show that this triple
is in the set Gj. We will proceed by showing that the triple (y,z,z) € Gy, which clearly implies that

(z,y,2) € Gi. To show (y,x, z) € G, we must show that there exists some integer m; greater than L@J
such that:

Z

2 (ma — [ L2 ) ma + [£520) (2.35)

8
|
~

2 = gif (ma = L2 )) (ma + TE2T) + &

Recall that [, is the smallest positive integer such that 2kl; is a perfect square and that ls is the smallest
integer such that kly is a perfect square. Thus Iy contains one copy of every prime factor of k£ that has an
odd exponent, while /; contains one copy of every prime factor of 2k that has an odd exponent. Since 2 is
not a factor of k, ls does not contain a factor of 2, but since 2 is a factor of 2k and has an odd exponent in
the prime factorization of 2k, I; does have a factor of 2. However, all the other factors of {; and [, are clearly
the same. Thus we have [, = % Recall that |; = %15)27 as shown in Lemma 2, which holds regardless of the

parity of k. So:

lh 2k k
l2:5:W:W. (2.36)
f(k)

Now let my = mg — 2“. We will show that m; is the integer that will produce the triple (y,x, z) when
inserted into the formula given in Theorem 1. First of all, however, we must show that m; is in the domain
of the formula given in Theorem 1; namely, we must verify that m; is an integer and that m; > L@J

Now since k is odd, there is only one 2 in the prime fctorization of 2k, that is 2k = 2'p]*pi2...p"", where

2,p1,Dp2, ..., Dy are the distinct prime factors of 2k. Thus f(k) = QL%Jp%%Jpé%J...p}%J, which shows that
f(k) has no factors of 2. Thus f(k) is odd, making f(k) + 1 even and w an integer. Therefore,

_ f(R)+1
2

mi = mo is also an integer.

11



Note also that since x > 0 and & = 2ma(maly — Vkl2), we must have mals — v/kly > 0. Thus:

(my 4 {41 +1)l > Vkly

FR)+1y &k k2
(my + H0) g > \ TR

my 4+ L8 S f (k)

(2.37)

my > 2®) 161

my > 1)1

my > L@J (since k is odd, f(k) is odd, and thus f(k2)7 = L%J)
Thus m; is an integer greater than L%J and is thus in the domain of the formula given in Theorem 1.

my + 7f(k2)+1

Since mqg = , we get:

y = 2movkly — k

= 2may/ 3z — b

= %(277@1 + kmod 2)

xr = 2m2(m2l2 - klg) (2.38)

= 2(m1 + fi(kQH_l)[(m + f(k)+1)f(ﬁ)2 - f(k]:)Q]

= (2ma+ f(B) + D (55 + 270 + 2707 ~ 7))

= (2ma + f(k) + V)(FHs + 27657 — )

= miste T MutE — Mg s s T s TR s T 5w
= mize +miE — 5+ 2

= f(QIf)Z (mi +m f(i) +1)

= gl (m £ (1 L) — (HE=y)

= gtk (3 — ma (L5 iy (K5 — (HE=4) (H55))

12



Now since k is odd, f(k) is odd, and thus we have that LMJ = fM=1 404 [ﬂw = f(kQ)H. Substituting
this we get:

7= gt (mt —ma [G2) [ £50] — 22|13 ))
(2.39)
= st (ma = L2 ) ma + T452)
Likewise, we see that: ") )
2k f(k fk
Z=$+kzw(m1—LTJ)(m1+f 9 1)+ k. (2.40)

Thus when (z,y, z) is a triple where z — x = k for some odd integer k, (y,z, 2) is clearly an element of Gy
because it is the triple that is generated when the integer m; is inserted into the formula given in Theorem
1. Since, again, we are considering (y, x, z) to be the same triple as (z, y, z), we have shown that (z,y, z) € Gk.

Thus we have shown that for an arbitrary triple (z,y, z) of difference k, that is for an arbitrary element
of Sg, (x,y,2) € Gy, both when k is even and when k is odd. Therefore we have shown that Sy C Gy. For k
even, we examined two subcases: z —y = k and z — x = k, while for £ odd we had only z — x = k.
To conclude the proof of our main theorem, we must now show that G C Si. Let (g,7,s) be an arbitrary
element of Gy and let m and k be the integers required by Theorem 1 to produce (g,r,s). In order for
(g,r,8) € Sk, we need to verify that (g, r, s) is a Pythagorean triple of difference k. Note that if (¢,, s) is a
Pythagorean triple, then it is clearly a Pythagorean triple with a difference of k. For since (g, r,s) has the
following form:

q= %(Qm + kmod 2)
r = gt m = L2 ) m+ [520) (2.41)

s = gt (m = L2 D m+ [52) + 1,

clearly s — r = k. Therefore, all that needs to be shown is that (g, r, s) is a Pythagorean triple, namely that

g, v, and s are positive integers and that ¢? + r? = s2.

k
)

, clearly ¢, r, and s must all be positive. Thus if % and %,f)z are integers, then

Now since m > |
q, 7, and s must in fact be positive integers. It is clear from Lemma 2 that %,f)z is an integer; thus we will

simply show that % is an integer. We will look at the k even and k odd cases.

Case 1: Suppose k is even and let 2"0pT*...p" be the prime factorization of k. Then:

ko 2m0pit T
- +1 T n2 oy
Q) 2" Iph el ) 7
(2.42)
no+1 —| 2L |22 |
= gno— 25 L prem LR e L]
Now since every exponent in the above expression is clearly nonnegative, % is an integer.
Case 2: Suppose k is odd and that k = pi*py?...pI"" is the prime factorization of k. Then:
ko _ O D i
= ) T
1 (k) alzlpl 2yl st e
_ pytpy?..ppT (2.43)

20&%%&%% pL%H

ni—| 5] no—[ "2 ...p?"ﬁ L% ]

=D Do

. . . . . k . .
Once again, since every exponent is clearly a nonnegative integer, T s also an integer.

Thus we have verified that ¢, 7, and s are indeed positive integers. Now we will show that ¢? 4 r? = s2.

Once again, we will look at two cases.

13



Case 1: Suppose that k is even. Then since k is even, f(k) is also even because it clearly contains a factor
[@] = @ Also, kmod 2 = 0. Thus our formulas for ¢, r, and s can be simplified

of 2. Thus L@j =
as follows:

Thus:

(2.44)
) + k.
) + L)
f(k)? )2
m? + %
(2.45)

Case 2: Suppose that k is odd. Then f(k) is also odd since it does not contain a factor of 2. Thus

1557 = 1=

follows:

Thus:

a [50] = L

9= F&

¢ + 1% = [ (2m + 1)) +

- fé“]:)z(4m2+4m+ 1)

4k?

Also, kmod2 = 1. Thus our formulas for ¢, r, and s simplify as

1) (m + LEL (2.46)

“Ly(m + L) k.

m+ f(k2)+1 )}2

_ f(k2)—1)(m+ f(k2)+1)]2

(2.47)

_ f(k2)—1)(m+ f(k2)+1)]2

FoEm® + fEm + oz + g

4k> 2
FoEm? + Fm — K+ oy + K2+

£ [(m — {81y (m 4 L+ )2



2 —
= A (2 4o — —f(if) + 1)+ k2 + f‘t’,‘;; [(m — f(kQ) Yom + 7]0(1’“2)“)]2

2 _ 2 —
_ 4k (m— f(k2) 1)(m+ f(k2)+1)+k’2+ fzti)4[<m_ f(k2) 1)(m+ f(k2)+1)]2

= fthelm — L= 0m o+ LD 4 gt (m — L= (m o+ L0 4 42 (248)

2k (m— f(k2)—1)<m+ f(k2)+1)+k]2

So we see that (g, r,s), both for k even and k odd, is indeed a Pythagorean triple with a difference of k,
and so (q,r,s) € Sk. Thus we have shown that G C Sj. Finally, since S, C Gy, and G, C S, G = Sy,
which concludes the proof of our main theorem. Thus the formula given in Theorem 1 produces every triple
of difference k for any positive integer k.

3 Alternate Formula for Pythagorean Triples of Difference £

Having proved that Gy = Sk, we can now prove some additional properties about Sy using this equivalence.
In particular, we have the following result:

Theorem 2. The set of all triples of difference k can be generated by the union of f(k) disjoint, infinite
subsets, where the following property holds for each of these subsets:

d

S-Leg2(n) = 2(Legl(n)), (3.1)

where (Legl(n), Leg2(n), Leg2(n) + k) denote the generating formulas of the subset. In particular, for k
even:

Sk: = U{i’é)*l{(2kn+ 2ki 2kn2 + 4ki n -+ fz(k];l)z _k

Flk) f(k) 27
(3.2)
2kn? + 4('”) n+ J?(’}j; +5yinezn>1- -
Similarly, for k odd:
S =Uf(k)71{(2kn+ 2ik 4k opp2 4 4ki, 4 2k 0 2ki? 4 2ki kL
k =0 f(k) (k)’ Tk ™ BT FRE T FRE T2 T D (3.3)

4ki 2ki2 2ki . 1 1 7
2kn® + S+ fEnt fir g t 5+ 1) nE€Zn> 5 - 5 — ww )

The proof of this theorem is a clear application of Theorem 1. Once again, we will examine both the k
even and k odd cases.

Proof. Let k be some positive integer. Now by Theorem 1, every triple of difference k is generated by the
following formula as m ranges over the positive integers greater than L@J

k 2k L f(k) m f(k) 2k _— f(k) - fk)
Case 1: Suppose k is even. Then our generating formula simplifies to:
i 2k f (k) fk), 2k £(k) £ (k)
(W(Qm)’ f(k)z(m—T)(m—i— 5 ) f(k)2(m— S )+ ) k). (3.5)

Thus as m ranges over the positive integers greater than L@J every triple of difference k is produced. It is

easy to see that every distinct positive integer produces a unique triple when inserted into the formula. Now
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by the division algorithm [2], we can partition all the positive integers greater than L@J into their residue
classes mod f(k). If we were partitioning all of the positive integers into their residue classes mod f(k), the
ith residue class would be given by f(k)n + i, where n is any nonnegative integer. However, to eliminate
f(k)J

producing integers in the ¢th residue class that are smaller than L@j, we must have f(k)n +i > |55
which happens exactly when n > 1 7(ry- Thus the set {fkyn+i:neZn>1i- ﬁ} is exactly the ith

residue class mod f(k) of the posmve integers greater than L@j The restriction on n causes n to start

at 0 or 1 as necessary, so that an integer smaller than L@J is never produced. Now running m over this
particular residue class will produce a subset of S. In order to only produce the triples generated by the
1th residue class, we must substitute f(k)n+1i for m in the formula given in Theorem 1 and allow n to range
over the integers greater than % — % After making this substitution into our formula, we find that

2ki 4ki 2ki%?  k 5  4ki 2ki2  k

Chnt gy 2 g w2 B " e T 2
gives every trlple generated by the ith residue class of the domain of Theorem 1 as n ranges over the integers
greater than 1 5 — f(lk) Now since every triple produced by our original formula is unique and the residue
classes are disjoint, the subsets produced by these residue classes will clearly be disjoint. Also, if we take
the union of the triples generated by every residue class we will have the triples generated by every positive
integer greater than LMJ that is, we will have the set of all triples of difference k. Thus we find that, for
k even:

(3.6)

_ | (fk)-1 ki ki ki k
Sk =ULE T {(2kn + 25, 2kn® + ;*(k)n + H - &,

(3.7)

2 4ki 2ki>2 . 1 )

as stated in Theorem 2. Thus we have rewritten Sj as the union of f(k) disjoint, infinite subsets. Notice
also that, allowing Legl(n) = 2kn + J?(’f) and Leg2(n) = 2kn? + 4(’”)71 + ]?(121)2 - g to denote the generating
formulas for the two legs in the ith residue class, the following property holds for each of the subsets in the
above union:

d _ d Aki 2k k
anLeg2(n) = 4o (2kn® + z5n + 75 — 3)

= 2(2kn + 75)

= 2(Legl(n)).

Thus we have seen that Theorem 2 holds for even k.

Case 2: Let k be an odd positive integer. Then our generating formula for Sy simplifies as follows:

2%k Fk) -1 FRY+1. 2% Fk) -1 F(k)+1

( g mt+ =5, 7(k)2 2

2m+1),

)(m + )+ k).

ko
fk)

Thus as m ranges over the positive integers greater than L J every triple of difference k is produced.
Fk)

)
Once again, we partition the positive integers greater than L | into their residue classes mod f(k). We
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must ensure that only those integers greater than L@J are produced, namely, we must have:
fRn+i> 1)
Flkyn 4 > £&=1
2f(k)yn+2i > f(k)—1 (3.9)

2f (k)n > f(k) — 1 — 2i

1 1
3T Rm T TR
Thus f(k)n+1i, as n ranges over the integers greater than 1 — T(k) — f(ik) , produces the ith residue class mod

f (k) of the integers greater than L@J Therefore, substltutlng f ( )n + 4 for m in the Theorem 1 formula

and allowing n to range over the integers greater than i 5= T(k) -7 (k) produces the triples generated by the

ith residue class. Making this substitution and simplifying, we get:

(21<:n+ﬁ+i 2kn?+ Aki n+ 2k n+ 2kiZ + 2hi —ﬁ# 2kn?+ ARi n+ 2k n+ 2ki” + 2hi +k+1)
f(k) ~ f(k)’ fle) " f(k) " f(k)?> f(k)? 2 4 fk)y  f(k) f(k)? f(k)? (3210)4

as the generating fomula for the triples produced by the ith residue class. Thus, once again, since every
triple produced by the Theorem 1 formula is unique and the residue classes are clearly disjoint, the subsets
produced by the residue classes are disjoint. If we take the union of these subsets, we will get every triple
generated by the Theorem 1 formula, that is, every triple of a difference k. Thus we can rewrite the set of
all triples of difference k as:

_ | (f(k)—1 2ik k 4ki 2k 2%k 2ki E 1

U

(3.11)

2 4ki 2ki 2k k 1 7
2kn? + FEEn+ fEn e i+ fe bR € Zin> 5 — g — )

Once again allowing Legl(n) = 2kn+ J?(’]f) + f(k) and Leg2(n) = 2kn?+ f(’j;)n+ f(k)n+ f2(kk2)2 + f%%Z —ky

to be the generating formulas for the legs of the triples produced by the ith residue class, we find that:

=

d _ ki ki ki k
dLeg2(n) = 3 (2hn® + 5+ i+ Hi + A -5+ )

_ k
= (4kn + 75 + Fi5)

(3.12)

2ki
=2(2kn + 55 + 7my)

= 2(Legl(n)).
Thus for k odd we can very similarly write Sy as the union of f(k) disjoint, infinite subsets where the
property <-Leg2(n) = 2(Legl(n)) holds for the generating formulas of the legs of each subset. O

It is interesting to note that this derivative property in general does not hold for the generating formulas
of the legs of the larger set Sy.

4 Conclusion

In summary, we have found and proved two separate but connected formulas that will generate every
Pythagorean triple of a fixed difference k. First of all, we found that when when we define

k) = ol Ipt T Ipld pld, (4.1)
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where 2™ ptps?...pI' is the prime factorization of 2k, then every triple of a difference k is given by:

(755 @m+ kmod2), 2 (m — [ L2 [)(m + [L527), 2 (m — [ L2 ) (m + [L52]) + k)

as m runs through the positive integers greater than L@J To prove this result, we let (z,y,2) be an
arbitrary Pythagorean triple with a difference of £ and examined both the k even and k& odd cases. For k
even, we had two subcases: z —x = k and z —y = k. For k£ odd, we had only z — z = k. We showed that
in every case the triple would be generated by our formula. We also showed that everything generated by
the above formula is indeed a Pythagorean triple with difference k. Having completed the proof of our main
theorem, we then used the theorem to find an alternate formula that also generates every triple of difference
k. Namely, we found that, for even k, every triple of a difference k is given by the following:

F(k)—1 : Y ‘ " ‘
Ak 2%ki2  k Ak 2%ki2  k 1
U {(2kn + ) 2kn 2+f(kz)n+Tk:Z)27§’ 2kn2+f(kz)n+f(kz)2+§) :nGZ,n>§—ﬁ}7 (4.2)

and that for odd k, every triple of difference k is given by:

fk)— k 4ki 2ki> 2ki k 1
UL {@kn + F5 + 50 2kn® + 75+ fgn+ Foe + 752 — 5 + 10 w

2 Aki 2k 2ki® 2ki E o 1y . 1 i
2kn” + gt fwnt far T imr t2ta) in€Zn> g~ am T wn
For each subset in the above unions we noted that the following property holds for the generating formulas

of the legs of the triples:
d

S-Leg2(n) = 2(Legl(n)). (4.4)

A better understanding of why the above property holds for the given subsets but not for the entire set of
Pythagorean triples of difference k, as well as an investigation into other unions that yield the entire set,
are areas of future research. Also, the formula in Theorem 1 appears to produce the negative Pythagorean
triples. The proof of the theorem, however, made use of Euclid’s classification, which only holds for positive
triples. Thus another area of future research is investigating whether the formula given in Theorem 1 and
its proof can be extended to include all negative Pythagorean triples.
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